A new optimal method is presented by combining the weight coefficient with the theory of force analogy method. Firstly, a new mathematical model of location index is proposed, which deals with the determination of a reasonable number of dampers according to values of the location index. Secondly, the optimal locations of dampers are given. It can be specific from stories to spans. Numerical examples are illustrated to verify the effectiveness and feasibility of the proposed mathematical model and optimal method. At last, several significant conclusions are given based on numerical results.
Introduction
Structural control protects structures and resists earthquakes by placing many types of energy dissipaters. Several passive as well as active methods and techniques have been developed [1] [2] [3] [4] [5] [6] [7] . Viscoelastic dampers (VED) have shown to be effective energy dissipation devices for structures under wind and seismic actions. To design a structure with energy dissipation devices, the placement of dampers has moderate influence on structural responses and the achievement of design objectives. Up to now, various methods in placing dampers have been studied, such as topological optimization [8] , simulated annealing optimization [9] , gradient-based method [10, 11] , and genetic algorithm [12, 13] . These approaches usually do the step-by-step time history analysis many times by the circulation approximation when they are applied to the optimal placement of dampers for high-rise structures.
As an effective method among them, Zhang et al. [14] suggested a weight coefficient method for choosing parameters and locations of VEDs. On the premise that the amount of dampers is fixed, the number of dampers located on each story can be determined according to the ratio of the control indices of each story to the sum of them. This method is advantageous to calculate the number of dampers placed on each story all at once and bring great applicability in highrise structures with energy dissipation devices. However, this method is introduced for placing dampers on stories on the assumption of a certain amount of dampers and hardly can provide basis and recommendation on the placement in spans.
The force analogy method (FAM) was first proposed by Lin [15] for the inelastic analysis in continuum mechanics. Hart and Wong [16] extended this method into the dynamic analysis of nonlinear structures, while Wong and Yang [17] proposed a new algorithm based on this method formulated in the force-deformation space for inelastic dynamic analysis. The state space approach is mainly used in the FAM, which is a kind of time domain method based on state variables in modern control theories and is quite convenient for the time history analysis. Except the structural response history, the rotation history and hysteretic loops of plastic hinges are also available according to the FAM, thus providing possibilities of analysis for strain-softening and elastic-plastic properties, in which traditional methods cannot be completed. Besides, the plastic energy dissipation can be determined on each component. Combined with the hysteretic loops of dissipation devices, plastic hinges' transformations and order of appearance could be monitored for structures under earthquake excitations [18] .
The main objective of this research is to study the optimization of VEDs. The weight coefficient method is improved based on the FAM theory and a new mathematical model of 2 Mathematical Problems in Engineering location optimization will be established, which is suitable for determining the amount of dampers and the specific location of VEDs in spans. Numerical analyses are illustrated to verify effectiveness and feasibility of the improved method and the new location index for the optimization of dampers and structural control, which supplies beneficial reference to further optimizations.
Energy Equation in Force Analogy Method

Principle of Force Analogy
Method. The fundamental principle of the FAM is that each inelastic deformation is formulated as a degree of freedom and the force is calculated through varying displacement instead of varying stiffness, which means that the initial stiffness matrix can be used throughout the inelastic analysis. The FAM uses inelastic displacement as the variable rather than stiffness, with high efficiency and accuracy in analyzing inelastic responses. It is the premise of the theory that the whole deformation can be considered as the accumulation of local deformation. Plastic hinges are used to simulate structural plasticity in this method.
The basic concept of the FAM was presented in detail by Wong and Yang [17] in the analysis of braced frames, so only a brief summary is provided as background. Studying from a single degree of freedom system (SDOF), the inelastic responses are expressed by varying a displacement field as shown in Figure 1 . In this figure, the total displacement ( ) because of external force ( ) is divided into two parts: the elastic displacement ( ) and the inelastic displacement ( ). The inelastic deformation of the structure is considered to be concentrated on the ends of the beams and columns, which is presented by the inelastic rotation of the plastic hinge ( ). The restoring force in the system ( ) is written as
where and denote the initial and postyield stiffness, respectively and and , respectively, represent the yield displacement and yield force.
Then, the total moment ( ) at the locations where plastic hinges may form can be expressed as
where ( ) denotes the elastic moment caused by elastic displacement and ( ) represents the residual moment because of inelastic displacement.
Energy Equations of Structures. The equation of motion
for an -degree-freedom structure subjected to an earthquake can be written as
where and mean the × mass and inherent damping matrices of the structure, ( ) is the -dimensional elastic displacement vector,̇( ) and̈( ) are the relative velocity and acceleration vector of the -dimension, and̈( ) implies the seismic excitation. Define the absolute acceleration( ) to be the sum of ( ) and̈( ). Based on the structural dynamic equation under earthquakes and the fundamental principle of FAM, the energy equation can be gained as follows:
The above equation shows the different forms of energy in the structure. They are the kinetic energy, damping energy, strain energy, plastic energy (PE), and input energy from left to right. Studies show that the input energy will be dissipated by the plastic energy and strain energy, and plastic energy is dissipated due to the development of plastic hinges, which can be viewed as
where PE represents the plastic dissipation of the th plastic hinge. For structures with dissipation devices, hysteretic loops of these devices and plastic dissipation of each plastic hinge can be gained using the force analogy method, which makes the energy specified. Plastic hinges may be overdeformed, leading to structural failure when subjected to a large earthquake. Thus, passive energy dissipation devices like the VEDs are used in structures to absorb energy from earthquakes.
Improved Weight Coefficient Method
Objective Function.
To bring forward an objective function is a core concept in optimal design. To design a structure with energy dissipation devices, the optimal location of dampers can make the performance indices be restricted within desired objectives as the amount of dampers is fixed. The performance index of the weight coefficient method is the story-drift angle. On the premise that the number of dampers is fixed, the number of dampers placed on the th story can be determined by where is the amount of VEDs needed to be located on the whole structure, is the number of stories, and represents the drift angle of the th story. The number of dampers placed on the story can be calculated by using the above formulation of the weight coefficient method on the assumption of , but the specific locations of them in spans are not determined.
Combining the weight coefficient method with the force analogy method, in this paper, a new objective function of optimal location for the VEDs is proposed. The aim is to place dampers on the locations where the hysteretic energy dissipation is large. Because the hysteretic energy dissipation is considered as the sum of the plastic energy of each member in the FAM, the plastic energy due to the inelastic deformation of each span is taken as the performance index which can be evaluated using the FAM. The optimal index can be written in the following form:
where denotes the sum of plastic energy of two beam ends on the th span, max( ) represents the maximum value of plastic energy of all the spans, is the number of spans of a structure, and denotes the objective function of the th span. The values of the optimal index can be calculated for the structure subjected to earthquakes according to Section 2. For the case that the location index is greater than or equal to different values, the amount of dampers needed to be placed on the structure can be determined. The number of dampers on each story can be calculated all at once based on the principle of the weight coefficient method in the following form:
where means the number of spans of each story and represents the total plastic energy of the th story.
At last, the specific location of dampers in each span can be determined according to the number of dampers on each story and the value of the location index. In other words, the dampers should be arranged in the span where the index values are larger.
Optimal Design Process Based on Improved Weight Coefficient.
Based on the improved weight coefficient method and the process of dynamic analysis of the structures, the steps of the optimal design process are as follows.
(1) Do step-by-step time history analysis of system without dampers by inputting records of earthquakes.
(2) Calculate the values of optimal indices of all spans according to formula (7).
(3) Set a target value of the location index according to the target of damping rate and determine the amount of dampers for the structure.
(4) Confirm the number of dampers on each story by using formulae (8).
(5) Make certain of the specific location of dampers according to the values of the position index and the number of each story.
(6) Do step-by-step time history analysis of the controlled structure with dampers subjected to earthquakes and analyze whether or not the effective reduction of structural responses is satisfied.
The system analysis and optimal design procedures of dampers are programmed by adopting the MATLAB programming language.
Numerical Analysis
Structural Model.
A 15-story, 3-span moment resisting frame [19] is considered. The serial number of plastic hinges and spans of the structure is shown in Figure 2 . The mechanical properties are provided in Table 1 . The mass is 56,430 kg of each floor, the span is 6.6 m, and the height of each story is 3.3 m. The stress-strain relation of steel is considered to be ideal elastic-plastic with the modulus of elasticity = 2.06 × 10 7 N/mm. The yield stress of the steel members is 345 MPa. The increase of strength caused by strain-hardening and axial deformations is ignored.
Earthquake Records.
Four seismic records are chosen as the input earthquake ground accelerations to the structure in this paper as shown in Table 2 . The values of peak ground accelerations are scaled to 400 gal, 1200 gal, 600 gal, and 200 gal to make structures perform inelastically so as to calculate dampers' location indices.
Optimal Results.
Compared with traditional energy analysis, the computational method based on the FAM is highly efficient and accurate. It utilizes the change in displacement to represent the inelastic behavior of the structure instead of changing stiffness. The plastic energy of each member is calculated according to Section 2.2 and the optimization process is programmed by adopting the MATLAB programming language. Structural plastic energy is equal to the sum of individual plastic dissipations at each plastic hinge, which are computed by the MATLAB program. According to the index formula (7), location indices are calculated. For the case that the location index is greater than or equal to 0.8, 0.6 and 0.4, the amount of dampers needed to be placed on the structure are 12, 20, and 24, respectively, termed as cases 1, 2, and 3. Take case 1 as an example, the calculation of optimal location is shown in Table 3 . Compared with the original weight coefficient method, which can be applied on the premise that the number of dampers is fixed, the improved method can determine the reasonable number of dampers needed according to the location index and the engineering requirement.
The number of dampers placed on each story for three cases subjected to different earthquakes can be obtained as shown in Table 4 . The results indicate that dampers are mainly located on the bottom and middle part of the structure for three cases. The number of dampers placed on the bottom and middle part increases with the addition of the amount from case 1 to 3. But the effect on the placement of dampers on the top part of the structure is not obvious.
The results of location indices indicate that values of side spans are generally greater than middle spans on the bottom and middle part of the structure, which is the basis of position selection for each story. The zero value of the location index denotes that there is no plastic energy for the member end. In other words, the corresponding part yields no plastic hinges under the action of earthquakes. The optimal placement of dampers for three cases can be obtained according to the above results, as shown in Figures 3, 4 , and 5.
The original weight coefficient method can only determine the number of dampers on each floor. For example, if two dampers are needed for the building on the first floor, the dampers are usually each placed on the side span according to experience. However, the improved method can determine Mathematical Problems in Engineering 5 Mathematical Problems in Engineering the specific location of dampers in spans according to the value of the location index.
Time History Analysis of the Structures with VEDs.
A number of force-deformation relationship models of VEDs have been brought forward and they are applicable to different conditions. The Maxwell model is adopted. When the dampers are located in structures according to the optimal results, the step-by-step time history analysis is utilized by using the SAP 2000 to obtain the responses of structures for each of the three cases. The maximum displacements of the structure with and without dampers are compared as shown in Figure 6 . The story drifts of the structure with optimally located dampers are calculated as shown in Tables 5, 6 , and 7. The story drifts of the structure with and without dampers are compared as shown in Figure 7 . From the view of the above tables and figures, structural displacements are controlled well and decrease obviously when dampers are placed optimally. Also, the displacement distributions are more even. For case 1, the story drifts of the controlled structure decrease by 20%∼35%, while for case 2 they decrease by 25%∼60% and for case 3 they decrease by 25%∼65%. On the other hand, the more dampers used, the better the effect on energy dissipation of structures. Considering space limits and economy, the reasonable quantity of dampers can be determined by setting the feasible value of the location index to meet actual requirements. The value of the location index should be taken as 0.6 for the example for both good response reduction and economy. From the aspect of placement of dampers, it can be seen that dampers are mostly placed at the bottom, middle part, and side spans of the structure for the three cases. 
Conclusions
In this paper, an improved weight coefficient method is proposed and a new location index is given to optimize the reasonable number and locations of VEDs in structures based on the force analogy method. According to numerical simulations, a few conclusions can be drawn as follows.
(1) The structural displacement and story drift decrease a lot by using the raised optimal method, and the effects are optimal in lower layers. Furthermore, the distribution of displacements is more reasonable, which leads to a full use of materials.
(2) It can be concluded that a greater number of dampers is preferable, while, in practical applications, the amount of dampers should be confirmed wisely by setting the value of the location index with structural characteristics, dissipation effects, and economy all taken into consideration. (3) The method presented here can not only specify the placement of dampers from layers to spans but also carry on the advantages of high efficiency and accuracy from the force analogy method, which is of great applicability. (4) The improved weight coefficient method and new location index can be applied to the optimal design of the structure with other types of passive energy dissipation dampers.
